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We review the recursive solutions of the Seiberg–Witten map to all orders in θ for
gauge, matter and ghost fields. We also present the general structure of the homogeneous
solutions of the defining equations. Moreover, we show that the contribution of the first
order homogeneous solution to the second order can be written recursively similar to
inhomogeneous solutions.
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1. Introduction
Noncommutative (NC) gauge theories have found many applications ranging from
solid state physics to particle physics and also to quantum gravity since the non-
commutativity in space–time induces naturally a quantum structure.
One of the main tool to study these theories is to use the so called Seiberg-
Witten (SW) map which is a relation between the fields that are defined on the
NC space to their ordinary counterparts defined on the usual commutative space 1.
Although the existence of such a map is originally derived by taking two different
low energy limits of string theory, soon after it was found out by Wess and his
collaborators that the map exists between NC and commutative gauge theories in
a more general setting without referring to the string theory 2–4. This construction
is purely algebraic and works for arbitrary gauge groups such as SU(N).
The SWmap is a gauge equivalence relation between NC and commutative gauge
theories. It can be solved by studying the map at each order of the deformation
(noncommutativity) parameter θ. As a result, the commutative counterpart of the
NC theory contains new interaction and higher derivative terms at each order in θ.
At first sight, it can be thought that to study the first order solution of the
SW–map is sufficient to obtain the leading contribution, for instance to the NC
Standard Model5. However, higher order terms are also needed to study the consis-
tency of the NC theory itself, such as renormalizability. Moreover, when NC gravity
1
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is considered, the first order contributions in θ from the SW–map vanish identically.
Therefore, one has to know at least the second order solutions. Second order solu-
tions are studied by several authors6–10. These maps are different from each other
up to a homogeneous solution with different coefficientsa due to the freedom in the
solutions 11.
On the other hand, the solution of SW–map to all orders in θ for the gauge
field, matter field (both in adjoint and fundamental representation) and the gauge
parameter is given in Ref.12. These solutions match with the second order solutions
given in Ref.s 6–10.
The advantage of the solutions given in Ref.12 is that they are given recursively
in terms of lower order solutions and hence it simplifies considerably to study the
higher order contributions in θ. Recently, it has been shown that these solutions can
also be rewritten in a geometric setting and they are compatible with hermiticity
and charge conjugation conditions13.
Our aim in this short note, is first to review the results given in Ref.12 in a
slightly different setting14 and then to comment on the general structure of the
homogeneous solutions of the SW–map to all orders. Moreover, we also show that
the contribution of the first order homogeneous solution to the second order can
be written again in terms of the first order homogeneous solutions, similar to the
inhomogeneous case.
2. The Seiberg - Witten Map
The simplest non-commutative space is the deformation of the ordinary Minkowski
space with a real constant antisymmetric parameter θ :
[xµ , xν ]∗ ≡ x
µ ∗ xν − xν ∗ xµ = iθµν .
The non–commutativity is realized with the ∗–product of Groenewold–Moyal 15 :
f(x) ∗ g(x) ≡ exp
(
i
2
θµν
∂
∂xµ
∂
∂yν
)
f(x)g(y)|y→x (1)
which is associative. In this space, NC field theories are obtained by replacing the
ordinary products with the ∗–product.
Therefore, the action for NC Yang–Mills (NCYM) on Moyal space is written as
Sˆ = −
1
4
Tr
∫
d4xFˆµν ∗ Fˆµν = −
1
4
Tr
∫
d4xFˆµν Fˆµν (2)
where Fˆµν = ∂µAˆν − ∂νAˆµ − i[Aˆµ, Aˆν ]∗ is the NC field strength of the NC gauge
field Aˆ. The action (2) is invariant under the NC gauge transformations:
δˆAˆµ = ∂µΛˆ − i[Aˆµ, Λˆ]∗ ≡ DˆµΛˆ , δˆFˆµν = i[Λˆ, Fˆµν ]∗. (3)
aThe second order solution for the gauge field given by Ref.7 has also a typo.
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Here, Λˆ is the NC gauge parameter. One can also consider a more general action
that contains matterb Ψˆ that transform under the adjoint or the fundamental rep-
resentation of the gauge group. For instance for the fundamental representation we
write
δˆΨˆ = iΛˆ ∗ Ψˆ , DˆµΨˆ = ∂µΨˆ− iAˆµ ∗ Ψˆ (4)
The SW map between NC gauge field Aˆµ and its ordinary counterpart Aµ is
given as a gauge equivalence relation1
δˆAˆµ(A; θ) = Aˆµ(A+ δA; θ)− Aˆµ(A; θ) = δAˆµ(A; θ). (5)
A similar gauge equvalence relation can be written between NC matter fields Ψˆ and
ordinary matter fields ψ 4
δˆΨˆ(ψ,A; θ) = δΨˆ(ψ,A; θ). (6)
These equivalence relations dictate the following functional dependence :
Aˆµ = Aˆµ(A; θ) , Ψˆ = Ψˆ(ψ,A; θ) , Λˆ = Λˆ(λ,A; θ) (7)
where λ is the ordinary (commutative) gauge parameter and δ is the ordinary gauge
transformation :
δAµ = ∂µλ− i[Aµ, λ] = Dµλ , δψ = iλψ
To solve the gauge equivalence relations (5) and (6) order by order in θ, one can
write Aˆ, Ψˆ and Λˆ as power series in θ :
Aˆµ = Aµ +A
(1)
µ + · · ·+A
(n)
µ + · · · , Ψˆ = ψ +Ψ(1) + · · ·+Ψ(n) + · · ·
Λˆ = λ+ Λ(1) + · · ·+ Λ(n) + · · · (8)
By solving simultaneously for Aˆµ and Λˆ, the first order solutions of Eq.(5) for
A
(1)
µ and Λ(1) are given as 1 :
A(1)γ = −
1
4
θκλ{Aκ, ∂λAγ + Fλγ} , Λ
(1) = −
1
4
θκλ{Aκ, ∂λλ}. (9)
and for Ψ(1) of Eq.(6) as4 :
Ψ(1) = −
1
4
θκλAκ(∂λ +Dλ)ψ (10)
However, solving (5) and (6) simultaneously for higher order terms is extremely
difficult. To disentangle this difficulty one can generalize the ordinary gauge consis-
tency condition δαδβ − δβδα = δ−i[α,β] to the NC case
4
δαΛˆβ − δβΛˆα = i[Λˆα, Λˆβ]∗ − iΛˆ[α,β]. (11)
Note that (11) is an equation only for the gauge parameter Λˆ and after expanding
Aˆ, Ψˆ and Λˆ in terms of the noncommutativity parameter θ, one can try to find
solutions for A(n), Ψ(n) and Λ(n).
bIn this work we will not specify the statistics of Ψˆ. Our results hold both for fermionic or bosonic
fields.
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3. The Solution of the Seiberg-Witten Map
Let us, consider BRST transformations s instead of ordinary gauge transformations
δ:
sAµ = Dµc , sψ = icψ , sc = ic ∗ c (12)
where c is a Grassmanian ghost field carrying ghost number one.
One can generalize the BRST transformations s to the NC BRST transforma-
tions sˆ 14:
sˆAˆµ = DˆµCˆ , sˆΨˆ = iCˆ ∗ Ψˆ , sˆCˆ = iCˆ ∗ Cˆ (13)
where Cˆ is the NC counterpart of c. Since c carries a ghost number one, Cˆ (and
each term in its expansion in θ) also carries the same ghost number. As s, the NC
BRST transformation sˆ is nilpotent
sˆ2 = 0 (14)
and therefore one can explicitly study the underlying cohomological structure in
the NC case14,16. Moreover, by requiring SW–map respects the gauge equivalence
(5)
sˆAˆµ(A; θ) = sAˆµ(A; θ). , sˆΨˆ(ψ,A; θ) = sΨˆ(ψ,A; θ) (15)
it can be shown that the nilpotency of sˆ is nothing but the gauge consistency
condition (11) 14.
To find the SW–maps of Cˆ, Aˆµ and Ψˆ at each order in θ, one can write from
(13) and (15)
sC(n) = i
∑
p+q+r=n
C(p) ∗r C(q) (16)
sA(n)µ = ∂µC
(n)
α − i
∑
p+q+r=n
[A(p)µ , C
(q)
α ]∗r
sΨ(n) = i
∑
p+q+r=n
C(p) ∗r Ψ(q)
where superscript n denotes the order of θ in the expansion. Note that for θ → 0 we
recover the ordinary fields c, Aµ and ψ on the commutative space. Here, ∗
r denotes
the r–th term in the expansion of the star product (1) :
f(x) ∗r g(x) ≡
1
r!
(
i
2
)r
θµ1ν1 · · · θµrνr∂µ1 · · · ∂µrf(x)∂ν1 · · · ∂νrg(x).
A new operator ∆ can be defined by reorganizing the equations in (16) such
that the n-th order term of the respective field only appear on the left hand side of
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the equalities 14:
∆C(n) ≡ sC(n) − i{c, C(n)} = i
∑
p+q+r=n,
p,q 6=n
C(p) ∗r C(q) (17)
∆A(n)µ ≡ sA
(n)
µ − i[c, A
(n)
µ ] = ∂µC
(n)
α − i
∑
p+q+r=n,
p 6=n
[A(p)µ , C
(q)
α ]∗r (18)
∆Ψ(n) ≡ sΨ(n) − icΨ(n) = i
∑
p+q+r=n,
q 6=n
C(p) ∗r Ψ(q) (19)
The operator ∆ is also nilpotent
∆2 = 0
and as it is seen clearly from its definition it carries ghost number.
Our aim is to solve Eqs.(17,18,19) order by order. As it is shown in Ref.12 these
solutions are recursive relations between the lower order solutions and higher order
ones.
However, these solutions are not unique. One can always extract the homoge-
neous part from Eqs. (17,18,19)
∆C˜(n) = 0 , ∆A˜(n)µ = 0 , ∆Ψ˜
(n) = 0. (20)
and add at each order any homogeneous solution C˜(n), A˜
(n)
µ , Ψ˜(n) to the inhomo-
geneous solutions C(n), A
(n)
µ ,Ψ(n) with arbitrary coefficients 4. (This freedom in
the solutions were first studied in Ref.11.) Moreover, adding a homogeneous solu-
tion at lower orders will also contribute to the higher orders. We will denote these
contributions as barred fields C¯(n), A¯(n), Ψ¯(n).
3.1. Inhomogeneous solutions to all orders
By studying Eqs.(17 – 19) order by order, the inhomogeneous solutions to all orders
are obtained in Ref.12 as
C(n+1) = −
1
4(n+ 1)
θµν
∑
p+q+r=n
{A(p)µ , ∂νC
(q)
α }∗r (21)
A(n+1)µ = −
1
4(n+ 1)
θµν
∑
p+q+r=n
{A(p)µ , ∂νA
(q)
γ + F
(q)
νγ }∗r (22)
Ψ(n+1) = −
1
4(n+ 1)
θκλ
∑
p+q+r=n
A(p)κ ∗
r(∂λΨ
(q) + (DλΨ)
(q)) (23)
where
(DµΨ)
(n) = ∂Ψ(n) − i
∑
p+q+r=n
A(p)µ ∗
r Ψ(q).
A similar expression can also be written for the field strength12
F (n)γρ = −
1
4(n+ 1)
θκλ
∑
p+q+r=n
(
{A(p)κ , ∂λF
(q)
γρ + (DλFγρ)
(q)} − 2{F (p)γκ , F
(q)
ρλ }∗r
)
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where
(DλFγρ)
(n) = ∂λF
(n)
γρ − i
∑
p+q+r=n
[A
(p)
λ , F
(q)
γρ ]∗r .
For a matter field that transforms under the adjoint representation of the gauge
group a similar solution can be found either by studying the respective equation
or by simply dimensionally reducing the Eq.(22) from six dimensions to four where
the extra two dimensions commute 17. The solution is then found to be 12,
Φ(n+1) = −
1
4(n+ 1)
θκλ
∑
p+q+r=n
{A(p)κ , (∂λΦ
tq + (DλΦ)
(q))}∗r . (24)
where
(DµΦ)
(n) = ∂µΦ
(n) − i
∑
p+q+r=n
[A(p)µ ,Φ
(q)]∗r .
Note also that, the solutions (23) and (24) can be used both for bosonic and
fermionic fields.
In Ref.12, it is also shown that these solutions (22–24) can be obtained by directly
solving the respective Seiberg–Witten differential equation that can be obtained by
varying the deformation parameter infinitesimally θ → θ + δθ for gauge fields 1
δθµν
∂Aˆγ
∂θµν
= −
1
4
δθκλ{Aˆκ, ∂λAˆγ + Fˆλγ}∗ (25)
and for matter fields 12
δθµν
∂Ψˆ
∂θµν
= −
1
4
δθκλAˆκ ∗ (∂λΨˆ + DˆλΨˆ) (26)
We refer to the Ref.12 for details.
3.2. Homogeneous solutions at each order
From the definition of the operator ∆ one sees that it commutes with the covariant
derivative Dµ
14
[∆, Dµ] = 0 (27)
and hence we get ∆Fµν = ∆(∂µAν − ∂νAµ − i[Aµ, Aν ]) = 0.
Solutions of the homogeneous equations at each order for the gauge field and
the matter fields
∆A˜(n)µ = 0 , ∆Ψ˜
(n) = 0 (28)
can be written at each order by dimensional analysis (and matching the ghost
number of the fields) such that these solutions contain appropriate powers of θµν , Dµ
and Fµν :
A˜(n)γ ∝ F
(n)
γ (θ,D, F ) , Ψ˜
(n) ∝ P(n)(θ,D, F )ψ. (29)
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For instance, at first order we havec
A˜(1)γ = l
(1)
A θ
µνDγFµν , Ψ˜
(1) = l
(1)
ψ θ
µνFµνψ (30)
and typical second order solutions have the form
A˜(2)γ ∝ θ
µνθκλDγ(FµνFκλ) , θ
µνθκλDκ(FµνFγλ) , · · · (31)
Ψ˜(2)γ ∝ θ
µνθκλ(FµνFκλ)ψ , iθ
µνθκλ(DµFκν)Dλψ , · · · (32)
Since these solutions contain only covariant derivatives and field strengths it is
trivial to show that they satisfy (20).
3.3. Contribution of the first order homogeneous solutions to the
second order
It is clear from the equations that define the all order solutions (18,19), the homoge-
neous solutions of lower orders will contribute to the higher order ones. In order to
find these contributions for the second order let us decompose the fields at the first
order fields as A(1) → A(1)+ A˜(1) and Ψ(1) → Ψ(1)+Ψ˜(1) and the second order ones
as A(2) → A(2) + A¯(2) + A˜(2) and Ψ(2) → Ψ(2)+Ψ¯(2)+Ψ˜(2). Here, A(1,2) and Ψ(1,2)
are the inhomogeneous solutions, A˜(1,2) and Ψ˜(1,2) are the homogeneous solutions
and A¯(2) and Ψ¯(2) are the contribution of the first order homogeneous solutions to
the second order.
We can then obtain Eqs. for A¯(2) and Ψ¯(2) from Eqs. (18,19) as
∆A¯(2)γ = i[C
(1), A˜(1)γ ]−
1
2
θκλ{∂κc, ∂λA˜
(1)
γ } (33)
∆Ψ¯(2) = iC(1) · Ψ˜(1) −
1
2
θκλ∂κc · ∂λΨ˜
(1). (34)
One can show that ∆2 = 0 still holds by using for instance ∆∂λA˜
(1)
γ = i[∂λc, A˜
(1)
γ ]
and ∆C(1) = − 12θ
κλ∂κc∂λc. Moreover, A¯
(2)
γ and Ψ¯(2) can be obtained in terms of
first order homogeneous solutions (30) :
A¯(2)γ = −
1
4
θκλ(2{Aκ, ∂λA˜
(1)
γ } − i{Aκ, [Aλ, A˜
(1)
γ ]}) (35)
Ψ¯(2) = −
1
4
θκλAk(2∂λΨ˜
(1) − iAλ · Ψ˜
(1)). (36)
We hope to present the general structure and the physical implications of the
general solutions including the ghost fields C˜(n), C¯(n) in a future publication.
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cNote that Dµθ
µν
Fνγ ∝ Dγθ
µν
Fµν via Bianchi identity.
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